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Abstract-A numerical analysis is conducted on laminar forced convection in the entrance region of an 
isothermal square duct rotating about an axis perpendicular to the duct axis. The simultaneously developing 
flow case is examined. Three independent parameters are introduced : Prandtl number (I+), a combined 
Reynolds and rotational Reynolds number (Re Re,), and Rossby number (Ro). A relatively novel vorticity- 
velocity method along with the power law scheme is employed in the present numerical analysis. Typical 
developments of axial velocity, secondary flow, and temperature at various axial positions in the entrance 
region are presented. Local friction factor and Nusselt number variations are reported. A comparison of 

the numerical results with the available experimental data is also presented. 

INTRODUCTION 

HEAT TRANSFER and fluid flow in rotating channels are 
important subjects encountered in many engineering 
applications, for example, in the rotors of electrical 
machinery, gas turbines, and many other rotating 
machinery. Research on heat transfer in rotating pipes 
has intensified with the aim of raising the operating 
temperature of gas turbines. Many investigators have 
studied flow and heat transfer characteristics in rotat- 
ing ducts. A detailed literature review for rotating 
ducts is given in refs. [ 1,2]. Some particularly relevant 
papers are reviewed here. The laminar flow and heat 
transfer problem in rectangular ducts was studied in 
refs. [l&3]. The friction factor and Nusselt number 
were reported for a large range of parameters, and 
showed qualitative agreement with experiment. Hart 
[4] employed linear stability analysis for the laminar 
flow regime, and made experimental measurements of 
critical conditions required for the onset of insta- 
bilities. Lezius and Johnston [5] analyzed the Taylor- 
type roll cell instability for the laminar and turbulent 
flow in a rotating parallel plate channel. A numerical 

analysis of the fully developed region in a rotating 
isothermal isosceles triangular duct with three differ- 
ent aspect ratios is presented in ref. [6]. Spezial et al. 
[7-91 studied the laminar flow in rotating rectangular 
ducts extensively. For constant axial pressure gradi- 
ent, they calculated the velocities and showed the flow 
pattern qualitatively. Smirnov [IO] computed the 
laminar flow in rotating rectangular ducts of aspect 

ratios 1 and 2 numerically. The friction factors and 
marginal stability curve were obtained. 

The earlier works mostly concentrated on the 

hydrodynamically and thermally fully developed 
region. Reports of developing flows are very rare [l 11. 
The available entrance region data from both theor- 
etical and experimental studies are now reviewed. 
Metzger and Stan [12] investigated experimentally the 
effect of rotation on the entrance region heat transfer 
inside straight, circular tubes. Skiadaressis and Spald- 
ing [13] predicted the flow and the heat transfer 
characteristics for turbulent steady flow in rectangular 
ducts using the k-6 model. Recently, heat transfer 
measurements were carried out in a rotating iso- 
thermal square duct for Reynolds numbers ranging 
from 717 to 16 000 and rotational Reynolds numbers 
from 20 to 320 [14], and in rectangular ducts for aspect 
ratios of 0.2, 0.5, 1, 2, and 5 [15]. 

It is noted that there are no numerical studies for the 
laminar entrance region, particularly in rectangular 
ducts. In practical applications, the flow typically 
remains thermally developing for almost the full 
length of the duct. Furthermore, rectangular channels 
are more appropriate than triangular or circular ducts 
for the central portion of a turbine blade [ 141. For 
these reasons, this study addresses the simultaneously 
developing flow in a square rotating channel. The 
channel wall is heated with a constant wall tempera- 
ture. The non-linear parabolized Navier-Stokes equa- 
tions are solved by the vorticity-velocity method 
along with the power law scheme [ 161. The vorticity-- 
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NOMENCLATURE 

A cross-seclional area .X, $‘, I dimensionless rectangular 

.r 

hydraulic diameter, 4A/S coordinates. 
friction factor, t,/lp W* 

NU peripherally averaged Nusselt number Greek symbols 
K Dean number thermal diffusivity of fluid 
I1 dimensionless normal direction ; dimensionless temperature defined in 

coordinate equation (5) 
P, p pressure and dimensionless pressure 1’ kinematic viscosity 
Pr Prandtl number, V/X < vorticity defined in equation (I I) 
Re Reynolds number, wD,/v P density 

Rcn rotational Reynolds number, C2Dzjv 7, wall shear stress 
R0 Rossby number, Re/ZRe, R angular speed. 
s perimeter 
T temperature Subscripts 
I/, V, W velocity components in the X-, Y-, C characteristic quantity 

Z-directions in inlet quantity 
U, ~1, w dimensionless velocity components m bulk mean quantity 

in the x-. _r-, z-directions 0 condition without rotation 
X, Y, Z rectangular coordinates W condition at wall. 

velocity method was successfully employed in refs. 
[ 177191 to calculate three-dimensional natural and 

mixed convection problems in rectangular and cylin- 
drical ducts. The advantages of the vorticity-velocity 
method were indicated by Spezial [20], and present 
calculations also indicate that this method is as 

effective as the primitive variables method [2l]. The 
results obtained from the computations cover a broad 
range of parameters, especially from low rotational 

speed to high rotational speed, with Pr = 0.7 and 7.0. 
The Nusselt number, friction factor, velocity profile, 
secondary flow patterns, and isotherm maps in the 
entrance region are presented. 

THEORETICAL ANALYSIS 

Consider the steady, laminar, developing forced 
convection flow in an isothermal square channel rotat- 
ing at a constant angular speed about an axis per- 
pendicular to the channel longitudinal direction as 

shown in Fig. I. A uniform inlet axial velocity 
W,, = @’ and a constant inlet temperature T,, are 
imposed at Z = 0. The duct wall temperature is held 
constant at T,. The flow is assumed to be steady, have 
constant property, and be incompressible ; axial 
diffusion, viscous dissipation, compression work, and 
buoyancy are neglected. Note that the centrifu- 
gal-buoyancy effect may not be negligible when the 
Reynolds number is less than or of the same order 
as the rotational Reynolds number (i.e. Ro < 0.5). 
However, this effect is neglected in the present cal- 
culations. It was shown in refs. [l-3] that the axial 
heat diffusion term is negligible in rotating duct flow 
when the Peclet number is greater than about IO. 

A modified pressure P, which includes the cen- 
trifugal force, may be defined as 

P(X, Y,Z) = P(z)+p*(x, Y,%)+;pzw (I) 

where P(Z) is the pressure averaged over the cros’: 
section at each axial location, and P*(X, Y, Z) is the 
pressure variation in the cross-stream direction which 
drives the secondary flow. Defining 

I’*(z) = P(Z)+:pZW (2) 

then the modified pressure in equation (I) is 

P(X, Y, Z) = P*(z) + P*(x, Y, Z) (3) 

or in non-dimensional form (as defined in equation 

(5), below) 

p(X,y,‘) = p*(z)+p*(x,4’,z). 

So far, no approximations have been made. Now, the 
axial and cross-sectional pressure gradients may be 
decoupled by making the usual parabolic assumption 
[22], that sp*/& << dp*/dz. The axial pressure gradi- 

ent is then given by 

where f’(z) is determined by the constant fiow rate 
constraint. 

The following dimensionless variables and par- 
ameters are introduced : 

x Y Z I/ V 
x=-, 

D, -!J = 0, ’ 
ZReD,’ u=q, lyjj 

W P P* P* 
M‘ = _~~ 

WC ’ 
p=p,, p*=p,> d* = p, 
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FIG. 1. Physical configuration and coordinate system 

0 = CT-T,) c QDf 

(T,, _ T,) ’ Re = v ’ Re, = v 

Pr = J! 
Re bv 

!x’ 
Ro=---== 

2Re, 2RD, 
(5) 

where 

2 

PC = p Re Re, k , 0 e 

WC= WReRe,, DC=“;. 

The dimensionless governing equations can then be 
written as follows : 

au at] a+$~ 

ax ay -+++z=o (6) 

au au au 
Re Re, 

> 

ap* a5 a% 
u(;x+aay+waz = -T;+axZ+ayZ 

(7) 

+$f’l---ZReRr,,w (8) 
w 

awl awl aw 
Re Re, ux+vay+wdz 

> 
= --f(z) 

+$+$+d (9) 

a0 a8 a0 
Pr Re Re,> 

> 

a20 a20 
ugl’aytw~ =Q+v. (10) 

The solution depends on three independent par- 
ameters : Prandtl number (Pr), a combined Reynolds 
and rotational Reynolds number (Re Re,), and 
Rossby number (Ro). 

The term 2Re Re,, w on the right-hand side of 

equation (8) is the Coriolis force driving the flow in 
the negative y-direction. The term v/Ro in equation 
(9) is also the Coriolis force from the product of the 
y-direction secondary flow velocity and the angular 
velocity. This force may act locally in either the 
upstream or downstream direction, depending on the 
sign of 2’. 

From equations (6) to (lo), one can find that the 
rotational effects are characterized by two dimen- 
sionless groups Ro = Re/2Re, and Re Reel. Physi- 
cally, the former represents the ratio of the inertia 
force to the Coriolis force or the relative signiti- 
cance of the forced flow effect to the Coriolis- 
induced secondary flow effect, and the latter is a com- 
bination of the axial velocity Rand the angular speed 
R indicating the effect of the Coriolis force. 

Different scaling quantities used in the non- 
dimensionalization may generate different parameter 
groups for the rotating effects. For example, Re and 
Ro are obtained if all the velocity components are 
nondimensionalized by using w as a reference ; 
Re Re, and Ro are obtained if v/D, is used for U and 
V, and @ for W. The advantage of using Re Re, is 
that, at large Ro, the secondary flow induced Coriolis 
force effect may be negligible (i.e. last term of equation 
(9)), thus the one parameter Re Re, can represent the 
behavior of a rotating duct instead of two parameters 
(i.e. Re and Ro), which was demonstrated in ref. [I]. 
In traditional turbine cooling blade systems, Re and 
Ro are used, however these two parameter values are 
easy to recover from the present analysis. 

The equations are now put into the vorticity-vel- 
ocity form. The axial vorticity function is defined as 

Applied to the continuity equation, this yields 

vlu = 3 _ a2w 
ay axaz 

(11) 

(12) 
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(13) 

Cross differentiation of the x and y momentum equa- 
tions to eliminate cross-sectional pressure terms yields 

(14) 

An additional constraint which will be used to deter- 
mine f(z) is that global mass conservation must 
be satisfied. Defining a different non-dimensional 
axial velocity, w,, for convenience, this constraint is 

expressed as 

w, dxdy = 1.0 (15) 
Jo Jo 

where 

W 
~2, = _ = w Re 

W 
Re,. 

The boundary conditions are : 

u=v=)$~=(j=o at walls 

u=v=(=O, and wt = 0 = 1 at z = 0. 

(16) 

After the developing velocity and temperature fields 
are obtained, the computations of the local friction 
factor and Nusselt number are of practical interest. 
Following the usual definitions, the expression for the 
product of the peripherally averaged friction factor 
and Reynolds number, f Re, and the peripherally 
averaged Nusselt number, Nu, can be written based 
on the axial velocity gradient or the temperature 
gradient at the wall, or based on the overall force or 
energy balance for an axial length dZ. The expressions 

are 

(fRe), = __&Re J’o+!?eRe, ’ 0 2 
vdxdy 

(17) 

1 aw: 
- dx dy. (18) aZ 

The local Nusselt numbers are 

(19) 

1 Pr ’ ’ aw,o 
uw*=~-g ” 

ss 
o ;G dx dy (20) 

where the overbar in equations (17) and (19) means 
the average around the perimeter, and S is the per- 
imeter of the duct. Simpson’s 3/8 rule is used to com- 
pute the average quantities indicated above. The 
quantity 0, is defined as 

(21) 

where T, is the mean temperature. 

The calculated quantities (f Re) , and (f Re), were 
found to be in excellent agreement (within 1%) for 
z > 3.7 x 10m4. The quantity (,f Re), is used through- 

out the present study. The quantities (NIL), and (Nu) z 
were also in good agreement (within 1%) for 
z/t+ > 3. I7 x 1 O- ‘. Due to the better agreement with 

the previous calculations [ 1, 21 in the fully developed 
region, (Nu), is adopted throughout the present 
numerical analysis. 

METHOD OF SOLUTION 

The governing equations are solved numerically by 
the vorticity-velocity method for three-dimensional 
parabolic flow, along with the power law scheme [ 161. 

The equations for the unknowns u, v, W, 5, 0, and 
j’(z), equations (12)-( 15), (9) and (lo), satisfying 
boundary conditions (16) are coupled. A numerical 
finite-difference scheme based on the vorticity- 
velocity method is developed in this paper to obtain 
the solution of equations (12)-(15), (9) and (10). 
The procedure is as follows : 

(1) The initial values of the unknowns u, v, and 5 
are assigned to be zero at the entrance, z = 0. Uniform 
inlet axial velocity (i.e. W, = 1) and inlet temperature 
(i.e. II = 1) are used. Note that 5 = 0 at z = 0 results 

from equation (11). It is noted that this procedure can 
be extended to any kind of inlet velocity profile, so 
that this numerical scheme is flexible. 

(2) In equation (14) the values of &/ax, Way, 
au/ax, and &jay, at each grid point are easily obtained 
by using central differencing. The values of au/az and 
ar/az are computed by using a two-point backward 
differencing. 

(3) By using the known values of u, v, W, 5, and 
f(z) at the present position, the new values of 5, w, and 
.f(z) at the interior points of the next axial position are 
obtained from equations (14) and (9) respectively, by 
the power law scheme [16], with constraint (15) to 
meet the requirement of constant flow rate. 

(4) The values of a2w/a.&, d*w/ayaz, Way, and 
a[/&, in equations (12) and (13) are calculated by 
using backward differences axially and central differ- 
ence in the transverse directions. The elliptic-type 
equations (12) and (13) are then solved for u and o by 
iteration. During the iteration process, the values of 
vorticity on the boundary are evaluated sim- 
ultaneously with u and v in the interior region. The 
boundary vorticity can be evaluated with an 
expression given in ref. [ 181. 
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(5) Steps 2-4 are repeated at a cross section until 
the following convergence criterion is satisfied for the 

velocity components u and v : 

&= 
max 1 u:,’ ’ - u:J 

max lu::‘] 
‘- < 10-S (22) 

where n is the nth iteration of steps 24. 
(6) The peripherally averaged f Re are calculated 

from equations (17) and (18). 
(7) With the obtained solutions for u, v, and ~1, 

equation (10) can be solved iteratively for the interior 
temperature subject to the boundary condition 0 = 0. 
This step is repeated until the following convergence 
criterion is satisfied : 

max ]Bz+ ’ -@cl 
a=-max ]Oyi+‘l 

< 10m6 (23) 

where m is the mth iteration of step 7. 
(8) The peripherally averaged Nusselt numbers are 

determined from equations (19) and (20). 
(9) Steps 2-8 are repeated at the next axial location 

until the final z location is reached. 

COMPUTATIONAL TESTS AND DETAILS 

A uniform cross-sectional mesh size of 31 x 31 is 
used for the square channel. The full domain of the 
cross section is used since some asymmetric flow pat- 
terns are observed and will be discussed later. The 
axial step size AZ was varied from lo- ’ near the duct 
entrance to about 2.56 x IO-’ near the fully developed 
region ; about 130 forward steps are needed to reach 
the fully developed region. A grid independence test 
in the cross-sectional direction has been performed 
for a denser grid (46 x 46) at high rotational speed 
(i.e. Re Re,, = 104, Ro = 0.2) which causes sharp vel- 
ocity gradients. The predicted heat transfer and fric- 
tion coefficients changed by less than 3 and 2% for 
values of z less than 7.7 x lo- 4 and by lesser amounts 
for larger 2. An exploratory run for a denser axial grid 
was performed by halving the axial step size, and the 
heat transfer and friction coefficients changed by less 
than 1.7 and 1.5% at all axial locations. As a partial 
verification of the computational procedure, the 

hydrodynamically developing flow was calculated 
without rotation. The results were compared with 
Shah and London [23] and Curr et al. [24]. The appar- 
ent friction factors were found to agree within 2% at 
all axial stations. Due to the lack of simultaneously 
developing Row data, the hydrodynamically fully 
developed flow with thermal development was 
obtained without rotation. The peripherally averaged 
Nusselt numbers were found to agree within 0.5% 
with Shah and London [23] and Chandrupatla 
and Sastri [25] for axial locations downstream of 
z/Pr = 5 x 10-j. Typical computation times on an 
IBM3090 computer were approximately 6OG-900 
CPU seconds. 

RESULTS AND DISCUSSION 

In the presentation that follows, detailed results for 
low Ro and high Ro are given separately. Results for 

Pr = 0.7 and 7.0 are shown. Although presentation of 
the friction factor and Nusselt number in the entrance 
region is a major goal here, developments of velocities 
and temperature are also of interest and are useful in 
clarifying the heat transfer mechanisms. Information 
about the flow and temperature field developments 
are provided via vector plots of secondary flow and 
isotherm maps. Finally, a comparison of the present 

results with some experimental and numerical results 
is presented. 

As shown in Fig. 1, a square channel is rotating at 
a constant speed about the X-axis. The fluid in the 

core region is driven in the negative Y-direction by 
the Coriolis force. The downward flow in the core 
region forces the fluid near the side walls to flow in 

the positive Y-direction and a pair of counter-rotating 
vortices is generated. These are so called ‘Dean’ type 

cells, similar to the curved pipe situation. The par- 
ameter Re Re, used here is analogous to the Dean 
number, K, used for curved pipes. As shown in ref. [3], 

the relation is Re Re, - K’. In the present numerical 
study an additional pair of vortices is observed near 

X = u/2 and Y = 0 in the high Re Re, and moderate 
Ro regime, and changes in flow and heat transfer 

characteristics are also found. The two-pair vortex 
phenomenon is called ‘vortex breakdown’ in the 

present study. The vortex breakdown phenomenon, 
or roll cell instabilities, will now be discussed. During 
the past decade, a considerable amount of research 

has been conducted on the roll cell instabilities in press- 
ure-driven channel flow with rotation [ 1, 2, 4-101. 
The flow becomes unstable due to the local imbalance 

between the Coriolis force and the inertial force near 

the bottom wall [7]. The analyses reported before were 
all confined to the fully developed flow region. The 

axial dependence, or entrance effects, have never been 
investigated theoretically. The present calculation not 
only includes the entrance effect, but also will reveal 
that the behavior of the roll cell instabilities varies 
with z. 

Figure 2 shows the secondary flow patterns and 

isotherm maps for a case without vortex breakdown 
at different axial locations. The parameters are 

Re Re,, = 5 x 104, Ro = 0.2, and Pr = 0.7 and 7.0. 
This choice of parameters represents a case in which 
the Coriolis force is significant. 

Figure 2(a) demonstrates the secondary flow pat- 
tern at one axial location. This special location is 
chosen at z = 1.533 x lo- ‘, where the two ‘Dean’ type 
cells are clearly seen. The strong upward flow near the 
side walls is observed and this induces the Ekman 
layer [26]. A uniform downward secondary flow is 
observed in the core region, which has two effects. 
One is that the downward flow pushes the axial vel- 
ocity peak downward, thereby increasing the local 
shear stress near the bottom wall. Another is that 
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FIG. 2. Secondary flow and isotherm maps for Re Re,, = 5 x lo“, Ro = 0.2: (a) secondary How map at 
3 = I .533 x lo- * ; (b) isotherm map for Pr = 0.7 at z = I.533 x 10 ’ ; (c) isotherm map for Pr = 7.0 at 
z= 1.533x10 * ; (d) isotherm map for Pr = 7.0 at z = 6.909 x IO ’ ; (e) isotherm map for Pr = 7.0 at 

I = 0.26877 (0 x IO). 

the downward secondary flow induces an upstream Consequently, pronounced peripheral variations are 
Coriolis force, which flattens the axial velocity profile. expected in the local heat transfer. 

The isotherm map for Pr = 0.7 is shown in Fig. Figures 2(c)-(e) are isotherm maps for Pr = 7.0. At 
2(b) at the same axial location. It is observed that z = 1.533 x 10 ’ as shown in Fig. 2(c), the thermal 
the isotherms are more sparsely spaced in the upper boundary layer is fairly thin, compared to the Pr = 0.7 
region of the cross section than in the lower region. case. Further downstream at z = 6.909 x 10 ’ a large 
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temperature gradient is observed at the side and bot- 
tom walls ; the reason for this is the large axial velocity 

gradients in these regions. The peak temperature core, 

0 = 0.9, is shrinking to an eye shape near the bottom 
wall. The physical mechanisms can be described easily 
here; the larger upward secondary flow near the side 
wall brings the relatively ‘cold’ (i.e. non-dimensional 
temperature close to zero) fluid to the top wall, and 
the colder fluid near the top wall returns to the core 
region of the duct. Since the downward secondary 
flow in the core region is quite uniform, the flattened 
isotherms are expected. The temperature becomes 
fully developed around z = 0.26877 as shown in Fig. 
2(e). Two symmetric ‘high’ temperature regions are 
observed. This is due to the cold fluid from the upper 
region flowing downward and isolating the warmer 
fluid in the two sides of the duct. 

Figures 3(a)-(i) demonstrate a case in which vortex 
breakdown occurs. The parameters are Re Ren = 

5 x IO’, Ro = 10, and Pr = 0.7 and 7.0. corresponding 
to a slower rotational speed than the previous case. 

Figures 3(a)-(c) demonstrate the secondary flow 
patterns at three axial locations. Figure 3(a) shows 
the onset of the roll cell instability which leads to 
vortex breakdown. A pair of small counter-rotating 
vortices is found near the bottom of the centerline. 
This second pair of counter-rotating vortices are 
called ‘eddies’ throughout this paper in order to dis- 
tinguish between the Dean type cells and the vortex 
breakdown induced cells. A fully developed two pair 
vortex pattern is then observed at axial location 
; = 8.189 x 10 ’ as shown in Fig. 3(b). The second 
pair of counter-rotating vortices (eddies) is symmetric 
with respect to the _v-axis. A strong upward secondary 
flow is found between thcsc two eddies, and a strong 
downward secondary flow is observed between the 

large vortices and the small eddies. Finally, an asym- 
metric secondary flow pattern is observed in Fig. 3(c). 
The eddy on the right-hand side grows stronger and 
tends to envelop the eddy on the left-hand side. The 
center of the eddy on the right-hand side almost shifts 
to the centerline of the duct. This shifting behavior 
indicates the evolution of two vortex pairs back to 
one pair, which will be discussed later. Since the eddy 
on the left-hand side becomes weaker and smaller, the 
local velocity and temperature gradients between the 
eddy on the left-hand side and the bottom will 
decrease, thus a decrease in friction factor and heat 
transfer is cxpccted. It is noted that the two pairs 
of counter-rotating vortices persist for quite a long 
distance (from z = 0.06 to around 0.23) before becom- 
ing asymmetric. A computation for a half domain 
would be meaningless beyond this point. 

Figures 3(d)-(f) demonstrate the isotherm maps 
for Pr = 0.7. Figure 3(d) shows isotherms at an axial 
location z = 3.069 x IO-‘. It is worth noting that the 
isotherms are slightly distorted upward near the center 
of the bottom wall. Similar behavior can also be seen 
in the isovel pattern at the same axial location (not 
shown). Figure 3(e) shows the isotherms affected by the 

roll cell instability. Two symmetric high temperature 
cores are found. Larger temperature gradients are also 

observed between each of the two high temperature 

cores and the bottom wall, thus a higher heat transfer 
rate is expected in this region. Finally, asymmetric 
isotherms are shown in Fig. 3(f). The mixing ability 
of the ‘cold’ fluid near the bottom wall to the ‘hot’ 

. .._____.,,_._,__.....__---, \.-_ ___*.. **_.,,_ . . . . . _____, 
,_______ ..,. _, ,,_...___----_ 

(4 .,___________..~___________ r:: ,,._______.._.1,~~________. 
,,**____ . . . . . . *,,<_.___ _-.. 
, ~~~_____....‘,,,....-___-~: 

(b) 

FIG. 3(ax). Secondary flow and isotherm maps for 
R? Re, = 5 x IO", Ro = IO : (a) secondary fow map at z = 
3.069x IO-‘; (b) secondary flow map at 2 =8.189x IO-‘; 

(c) secondary flow map at : = 0.26877. 
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. 

Fm. 3(d pi), (d) isotherm map for Pr = 0.7 at ; = 3.069 x IO-’ ; (e) isotherm map for Pr = 0.7 at z = 8.189 x IO-’ (0 x IO’) ; 
(f) isotherm map for PI = 0.7 at z = 0.26877 (0 x IO”) ; (g) isotherm map for Pr = 7.0 at ; = 3.069 x IO-’ ; (h) isotherm 

map for Pr = 7.0 at z = 8. I89 x IO ’ ; (i) isotherm map for Pr = 7.0 at 3 = 0.26877 (fj x IO’). 

fluid region in the left-hand section is weaker because temperature core is seen in Fig. 3(g). Two separated 
the eddy on the left-hand side is weaker. A higher high temperature cores align symmetrically in the 
temperature is therefore seen in the high temperature cross section, and the onset of instability begins to 
core on the left-hand side. distort the isotherm near the center of the bottom 

Figures 3(g))(i) show the isotherms for Pr = 7.0 wall. At z = 8.189 x lo-’ (Fig. 3(h)), the eddies have 
at three different locations. A typical U-shaped high developed, thus significantly distorted isotherms are 
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observed in the eddy region. Figure 3(i) demonstrates 
the asymmetric isotherm map at z = 0.26877. The 

high temperature core induced by the eddy on the 
right-hand side shifts significantly toward the left- 
hand side. The originally connected high temperature 
region on the right-hand side is now breaking into 
two separated regions. The high temperature core on 
the left-hand side induced by the eddy on the left- 
hand side seems to merge with the upper high tem- 
perature core. 

DEVELOPMENT OF AXIAL VELOCITY 

PROFILES 

The developing profiles of the axial velocity, u’,, 
along the line x = l/2, are illustrated in Figs. 4(a) and 
(b). It is well known that the axial velocity profiles for 
pure forced convection without rotation are sym- 
metric about the center axis of the square duct. With 
the effect of the Coriolis force, the shift of the velocity 
profiles becomes apparent. Figure 4(a) demonstrates 
the axial velocity profiles at different axial locations 
for parameters Re Ren = 5 x 104, Ro = 0.2. The M’ 
profiles have been plotted at seven axial locations 
starting from very near the entrance of the square duct 
(curve A) to a location in the fully developed region 

(curve G). Near the inlet, the velocity profile is fairly 
uniform over the cross section as shown by curve A. 
As the flow develops (curves B-D), the axial velocity 
peak is displaced toward the bottom wall by the Cori- 
olis force acting in the negative y-direction. Further 
downstream, at z = 1.5 x lo-’ (curve E), the Dean 

type cells have formed. The axial velocity peak is still 
toward the bottom of the duct, due to the downward 
secondary flow in the core. The Coriolis force acting 
in the upstream direction (cf. equation (9)) becomes 
stronger due to the stronger downward secondary 
flow, and a decrease in peak velocity is observed in 
curve F. Finally, a fully developed axial velocity pro- 
file is reached, as shown in curve G. 

The case just presented in Fig. 4(a) showed the axial 
velocity development without vortex breakdown. A 
case with vortex breakdown is presented in Fig. 4(b). 
The vortex breakdown phenomenon is of importance 
in the fundamental research of roll cell instabilities, 
and it also changes the flow and heat transfer charac- 
teristics significantly. Figure 4(b) shows the axial 
velocity profiles at I = l/2 for Re Ren = 5 x IO“ and 
Ro = 10. As before, curves A-C show the developing 
velocities in the inlet region. Since the Rossby number 
(representing the ratio of axial velocity and rotation 
speed) is large, the rotation speed is relatively small. 
This indicates that the Coriolis force induced by the 
y-direction secondary flow is small, thus the small 
increase in velocity gradient near the bottom wall is 
not noticeable in curves A-C. This indicates that the 
local shear stress increase near the bottom wall is 
negligible. Further downstream, at z = 1.5 x lo-’ 
(curve D), the Dean type cells are already established, 
and the distortion of axial velocity becomes apparent. 

A large velocity gradient is observed near the bottom 

wall, indicating large local shear stress. Further down- 
stream, the onset of a second pair of eddies pushes 

the peak axial velocity toward the positive y-direction 
as shown in curves E-G. It is noted that the peak axial 
velocity becomes smaller from curve E to G. This is 
because the Coriolis force induced by the uniform 
secondary flow is in the upstream direction in the core 
region. Further downstream, at z = 8.2 x IO- * (curve 
H), the second vortex pair has become completely 
established. The two vortex pairs persist for a long 
axial distance before evolving into one vortex pair. 
Curve I, at z = 0.26877, shows the axial velocity vari- 
ations in the beginning of evolution from two vortex 

pairs to one vortex pairs. It is noted that a second 
axial velocity peak is observed at about y = 0.2. If we 
examine the asymmetric secondary flow pattern in the 
previous section (Fig. 3(c)), the center of the eddy on 
the right-hand side has shifted to about y = 0.2. Thus, 
there is no axial Coriolis force due to secondary flow 
at this point : the only Coriolis force is the one induced 
by the axial velocity, which acts in the negative _r- 
direction. 

AXIAL VARIATION OF THE FRICTION 

FACTOR AND THE NUSSELT NUMBER 

The wall shear stress is presented in terms of the 
friction factor ratio (f’Re)/(f Re),, where the sub- 
script o denotes the quantity for fully developed pure 
forced convection. Figures 5(a) and (b) show the 
values of (,f’ Re)/(f Re), vs dimensionless axial dis- 

tance z for the cases of Ro = 10, 1, 0.5, 0.2, and 0.1 
with Re Re, = 103, lo”, 5 x IO“, and 105. The cases 
of Re Re,, = 103, Ro = 0.5, 0.2 are not included 
because the graph becomes too cluttered and the 
case Re Ren = lo’, Ro = 0.1 is excluded because an 
extremely long computation time is required to obtain 
the solution. Figure 5(a) presents the axial variation 
of (,f Re)/(,f Re), for different Re Re(, with Ro = 10 

and 1, which indicates a large to medium ratio of Re 

and Re,. From the definitions of Re, Ren, and Ro, it 
is seen that holding Ro fixed while increasing Re Re,> 

is like simultaneously increasing the Reynolds number 
Re and rotational Reynolds number Ren at a fixed 
ratio of Re and Re,. The curve of pure forced con- 
vection without rotation is denoted by curve A. Near 
the inlet, the Coriolis force is insignificant and all the 
curves in this figure follow the pure forced convection 
curve. Note that curve A (i.e. no rotation case) in the 
inlet region lies a little bit above the curves for the 

rotating cases. The authors believe that this is because 
of the numerical error due to the very small value of 
Re Re, used to approximate the no rotation case. 
(Note that Re Re, cannot be set exactly equal to zero 
with the nondimensionalization used here.) Com- 
paring the present results for no rotation with Shah 
and London [23], the apparent friction factor in the 
present computations in the inlet region is found to 
be about 2% higher. Thus, accounting for this error, 
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FIG. 4. Development of axial velocity protiles: (a) development of axial velocity along s = 1;‘2; 
(b) development of axial velocity along x = I j2. 

curve A is expected to follow the curves for large to flow region. In this region, the vortex pair grows 
medium Rossby number in the inlet region. As the stronger and stronger, and larger shear stresses are 
Coriolis force becomes important, at about z = 10 ~’ found at the side and bottom walls. Finally, a nomin- 
or later, the (J’ Re)/(.f Rr), curves rise above the ally constant friction factor is reached, which will be 
forced convection curve. The Coriolis induced second- referred to as the fully developed flow region. For 
ary flow of Dean type cells plays a role in this region, some cases, the vortex breakdown phenomenon is 
which will be referred to as the ‘rotational developing’ observed, and the increase in (,f‘ Re)/(f’ Re), ratio 
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FIG. 5. (.f Re)/(,f Re), vs z for various Ro and RE Ren in a square channel : (a) friction factor ratio for 
Ro = 10 and 1 ; (b) friction factor ratio for Ro = 0.5, 0.2, and 0.1. 

is significant. Curves B-E and curves F-I represent higher value of Ro results in a smaller value of (J Re)/ 
different Re Re, values with Ro = 10 and 1, respec- (f Re), except when vortex breakdown occurs. The 
tively. It is observed that the friction factor ratio dashed lines at the far right indicating values of fully 
increases with Re Re, at a fixed value of Ro. It can developed solutions are the results presented in refs. 
also be seen that an order of magnitude change in [l, 21 for the same cases. Excellent agreement is found ; 
Re Re, has a stronger effect than an order of mag- the worst case is for Re Re, = 105, Ro = 10, where 
nitude change in Ro. Generally, for fixed Re Re,, a about 1% error is observed. Note that curves E and 
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D for the fully developed cases correspond to two 
vortex pairs. Curve E demonstrates that the roll cell 
instabilities have an oscillatory behavior with z. It is 
seen that the two vortex pairs persist for a long 
distance, and at about L = 0. I 1, they evolve into one 
vortex pair, and strongly oscillatory behavior is 
observed further downstream. Curve D is also starting 
to evolve into a single vortex pair at the final axial 

location of the present calculations. Recall that 
detailed secondary flow and isotherm maps were pre- 
sented in the previous section. It is interesting to see 
that curve I (Re Re,, = 10’ and Ro = 1) has a long 
distance with two vortex pairs, and no strongly per- 
iodic behavior is observed after evolving to one vortex 
pair at an axial location of about z = 0.15. It is worth 
noting, although not presented in the figures, that 
there exist two very small counter-rotating vortices 
near the centerline of the bottom wall even when the 
one pair solution dominates the secondary flow field. 
It is expected that the vortex breakdown phenomenon 

will appear again further downstream. It should be 
noted that the axial dcpcndence of flow instabili- 
ties suggests that transient behavior may also exist 
in the flow field. Spezial and Thangan [779] in their 
constant pressure gradient calculations showed fully 
developed, time-independent, roll ccl1 instability solu- 
tions However, Jen recalculated the flow in a time 

dependent, full domain in a square duct with constant 
flow rate constraint, and found that the spatially per- 
iodic behavior of the roll cell instabilities was also 
time dependent. Therefore, transient effects should be 
taken into account in the region of vortex-breakdown. 
Further investigations are needed for transient effects, 
however, in the present calculations steady state 
behavior is assumed. 

Figure S(b) demonstrates the friction factor ratios 
for small values of Rossby number, which indicates 
larger Coriolis force effect relative to inertial effect, 
at various values of Re Re,,. The quantity (,f’Re)/ 

(,f Re), increases with Re Re, at fixed Ro. For these 
small values of Ro, (,f’ Re)/(,f Re), increases more 
with increasing Re Ren closer to the inlet of the duct. 
The maximum increase in friction factor ratio for 
z < IO- 3 is about 5% relative to the no rotation case. 

Further downstream, in the ‘rotational developing’ 
flow region, the strong secondary flow of ‘Dean’ type 
cells causes the larger wall shear stress at the side and 
bottom walls. The increase in (.f’Re)/(.f‘ Re), in this 
region is significant. In the fully developed flow region, 
the maximum increase in (,f’ Rc)/(,f’ Re), is over 
150%. Note that in the large to moderate Rossby 
number (i.c. 10-0.5) range, the increase in friction 
factor ratio is negligible in the entrance region since 
the Coriolis force is not strong enough to substantially 
change the axial velocity profiles. 

Figures 6(a), (b) and 7(a), (b) present the axial 
variation of Nusselt number for Prandtl numbers of 
0.7 and 7.0, respectively. The increase in heat transfer 
in the inlet region due to the effect of rotation is 
insignificant as observed in Fig. 6(a). In the rotational 

developing flow region, starting at about z/Pr = 10 j, 
the NM curves rise above the no rotation case, and 
increase after reaching a minimum. The increase is 
due to the vortices which cause large temperature 
gradients close to the bottom and side walls. With an 
increase in Re Re,, at fixed Ro and Pr, the Nusselt 

number increases as was seen for the friction factor 
ratio. There are two parameters, Re Rerl and Ro, 

which affect the heat transfer coefficients at a Iixcd 
Prandtl number, or alternatively, Re and Ro. For a 

fixed value of Re Re,,, it is easy to show that the larger 
Ro implies larger Re. It is shown in ref. [6] that the 
Reynolds number has a major effect on the heat trans- 
fer in the fully developed flow region. It is also dem- 

onstrated in the present study that near the fully 
developed region the Nusselt number increases with 
Rossby number at fixed Re Re,,. A significant increase 
in NM is observed when the vortex breakdown 
phenomenon occurs. The maximum increase in heat 
transfer due to rotation in this figure compared to the 

no rotation case is over 400%, as shown in curve E, 
at axial location z/Pr = 4 x 10 ‘. Excellent agreement 
of Nu in the fully developed region is found in com- 
parison with refs. [I, 21. except for the case of 
Re Re,, = IO’, Ro = 1 (curve I). Since dual solutions 
were obtained in refs. [ 1. 21 for this special case, the 
two solutions are shown in line 1. The upper line is 
the solution for two vortex pairs, and the lower line 
is one vortex pair. The difference between the two 
solutions is 3%. 

Figure 6(b) presents NM for small Rossby number, 
or strong rotation effect. It is observed that the in- 
crease of Nusselt number is still negligible in the inlet 
region. Although the strong Coriolis force increases 
the local wall shear stress near the bottom wall, the 
thermal boundary layer is too thin to be affcctcd by 
the distorted axial flow field in the inlet region. 

It is to be expected that the rotational elfect is also 
negligible for larger Pr in the inlet region. Figures 7(a) 
and (b) show the results for Pr = 7.0. It is observed 
that the rotation effect is insignificant in the inlet 
region, as shown in Fig. 7(a). The axial location at 
which Nu rises above the no rotation case strongly 
depends on the value of Re Re,,. The axial locations 
vary from z/Pr=2xlO~” to 1.5xlO~‘as ReRe,, 

decreases from IO’ to 10’. The increase in Nu in the 
rotational developing region is again observed. The 
increase of Nu is significant in comparison with the 
Pr = 0.7 fluid in the rotational developing and fully 
developed flow regions. The general rule that Nu 
increases as Re Re, increases at fixed Rossby number 
still holds. The significance of vortex breakdown in 
increasing the Nusselt number is also seen in this 
figure. 

Figure 7(b) demonstrates the effect of small Rossby 
number for the Pr = 7.0 fluid. The increase in Nu in 
the inlet region is somewhat stronger than in Fig. 7(a). 
In the rotational developing region, the increase in Nu 
is significant. For curve 0, the maximum increase in 
the fully developed region is over 500%. 
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FIG. 6. NM vs z/Pr for Pr = 0.7 fluid in a square channel : (a) Nusselt number for Ro = 10 and 1 ; 
(b) Nusselt number for Ro = 0.5, 0.2, and 0.1. 

COMPARISON WITH EXPERIMENTAL duct data [14, 151 at L/D = 30. Figure 8 shows the 
RESULTS values of Nu, vs Re Re, (where Nu, is the average 

up to L/D = 30). The data for Re = 720 lie very close 
Because of the lack of experimental data both in to the present numerical solutions, and show almost 

the fully developed and developing region of an iso- the same trend as Re Ren increases, except for the last 
thermal rectangular duct, the present numerical com- data point. It was explained by Soong et al. [ 151 that 
putation is compared with the only existing square this sudden decrease in mean Nusselt number is the 
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FIG. 7. Nu vs z,/Pr for Pr = 7.0 fluid in a square channel: (a) Nusselt number for Ro = 10 and I ; 
(b) Nusselt number for Ro = 0.5, 0.2, and 0.1. 

effect of the centrifugal-buoyancy force. The agree- heat transfer data to a numerical solution for ther- 

ment is generally within 10% except the first point, mally developing flow in a square duct, and found 

which differs by 12.5%. The data for higher Reynolds the experimental data to be higher except at low 

numbers show larger discrepancies between numerical Reynolds number (i.e. Re < 720). This indicates that 

and experimental data. This may be due to the the experimental data may have entrance swirling or 

unknown inlet condition as indicated by Mori and local turbulence effects which will increase heat trans- 

Nakayama [ 1 I]. They compared their stationary duct fer coefficients substantially in the entrance region, 
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ReRe, 

FIG. 8. Comparison of Nu, with experimental data. 

although the flow may relaminarize further down- 
stream. 

CONCLUDING REMARKS 

(1) The equations governing the simultaneously 
developing laminar forced convection in the entrance 
region of a rotating isothermal square duct have been 

solved using a three-dimensional parabolic computa- 
tional technique. A relatively novel vorticity-velocity 
method along with the power law scheme success- 
fully solved the parabolized Navier-Stokes equations 
and energy equation. The solutions have been pre- 
sented for Prandtl numbers of 0.7 and 7.0. 

(2) The increases in (J’ Rr)/(,f Re), ratios are sig- 
nificant both in the rotational developing and fully 
developed regions. 

(3) The increase of Nu is small in the inlet region, 
since the thermal boundary layer is still too thin to be 
affected by the distortion of the axial flow induced by 
the Coriolis force. The rotational developing region 
is much longer than the inlet region. In practical appli- 
cations, the flow remains in the thermally rotational 
developing region for almost the full length of the 
duct, and the Nusselt number in this region is lower 
than in the fully developed region. It is therefore essen- 
tial not to use fully developed heat transfer results in 
designing rotating machinery. In comparison with the 
no rotation case, the increases in Nu are significant 
both in the rotational developing and fully developed 
flow regions. The maximum increases in these two 
regions is about 400% for the fluid of Prandtl number 
0.7. The higher Prandtl number shows a maximum 
increase of 500% in the fully developed flow region. 

(4) The vortex breakdown, or roll cell instability, 
phenomenon is observed. The increases in friction fac- 
tor ratio and heat transfer coefficients are significant. 
The roll cell instability behavior varies in the axial 
direction. 

(5) Generally speaking, the values of (f Re)/ 

(.f Re), and Nu increase with the parameter Re Re,. 

(6) Excellent agreement is found with numerical 
results in the fully developed region, for both friction 
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DEVELOPPEMENTS SIMULTANES DE LA CONVECTION LAMINAIRE DANS DES 
CONDUITS TOURNANTS A SECTION CARREE ISOTHERME 

R&urn&On presente une analyse numerique de la convection laminaire for&e dans la region d’entree 
d’un conduit isotherme a section carree, tournant amour d’un axe perpendiculaire a I’axe du conduit. On 
examine le cas de l’etablissement de l’ecoulement. Trois parametres independants sont introduits : le nombre 
de Prandtl (Pr). un nombre de Reynolds combine a un autre rotationnel (Re. Ren) et un nombre de Rossby 
(Ro). Une methode vorticitt&vitesse, relativement nouvelle, est utilisee avec le schema de la loi-puissance. 
On presente les etablissements typiques de la vitesse longitudinale, de l’tcoulement secondaire et de la 
temperature en differentes positions axiales dans la region d’entrte. On presente aussi une comparaison 

des resultats numeriques avec des don&es experimentales. 

ENTWICKLUNG EINER LAMINAREN KONVEKTIONSSTRiiMUNG IN 
ROTIERENDEN ISOTHERMEN QUADRATISCHEN KANALEN 

Zusammenfassung-Die laminare erzwungene Konvektion im Eintrittsgebiet eines isothermen quad- 
ratischen Kanals, welcher urn eine senkrecht zur Kanalachse stehende Achse rotiert, wird numerisch 
untersucht. Dabei interessiert der Fall einer sich simultan entwickelnden Stromung. Es werden drei unab- 
hangige Parameter eingefiihrt: Prandtl-Zahl (Pr), das Produkt der Reynolds-Zahl mit der Reynolds-Zahl 
fur die Rotationsbewegung (Re Re,) und die Rossby-Zahl (Ro). Bei der numerischen Untersuchung wird 
ein VerhaltnismaDig neues Wirbelgeschwindigkeits-Verfahren zusammen mit Potenzansatzen angewandt. 
Es werden die typischen Entwicklungen der Axialgeschwindigkeit, der Sekundarstriimung und der Tem- 
peratur an unterschiedlichen axialen Positionen im Eintrittsgebiet vorgestellt. Ergebnisse fur den iirtlichen 
Reibungsbeiwert und die Nusselt-Zahl werden gezeigt, auBerdem ein Vergleich der numerischen Ergebnisse 

mit verfiigbaren Versuchsdaten. 

JIAMMHAPHkR KOHBEKHWR, PA3BkfBAIOII@IICx IIPI4 BPAIIIEHMH 
A30TEPMHYECKHX KAHAJIOB KBAAPATHOFO CEYEHMX 

kHOT2II(‘W-npOBOAHTC%, swneHkibIii aHa_nw naM5iHapHoii BbIHyxAeHHOti KoHBeKqHe BO BXOAHOM 

yracTKe ~30Tep~~xcKoro KaHana KeaApaTHoro ceseHq Bpamaiomerocx ~o~pyr oca,nepne~~nKynap- 

HOti ocw KaHaJIa. kiCCJIeAyeTCx CAyWii c COBMWTHO pa3BaBaMxuHMcn T~S~HB~M.BBOARTCR TPH He3aBw 

CliMbIX napaMeTpa: 'INCJIO npaHATJW Pr, KoM6wHupoeatmoe B BpamaTeJlbHOe 9iCAa PetiHOnbACa Re 
Re,, a TaKme ~HCJIO Pocc6n Ro. B aHaJni3e HClIOJIb3yeTCK OTHOCBTeJIbHO HOBbIii MeTOA '%KOpOCTb- 

3aBHXpeHHOCTb* HapHAy CO CXeMOfi CTt-ZleHHOrO 3aKOHa. npeACTaBAeHbl TBnW'iHble nOJIll aKCHaJlbHOir 

CKOpOCTEi, BTOpFi'iHOrO TeqeHEin H TeMnepaTypbI np5i pa3JIki'iHbIX nOJIOXCeHH5lX II0 OCEi BO BXOAHOk 

o6nacTn. OnllCblBaEOTC,, HkVZHeHHII JIOKZUlbHOrO K03+@HUAeHTa TPeHHSl Ei 'iECJIa HyCCwIbTa.nOnyreH- 

HbI~YHCJI~HHbI'Zpe3yJIbTaTblCpaBH&iBalOTC~C BMCIOUIUMHCX 3KCnep&iMeHTaJIbHbIMEiAaHHbIMB. 


